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Informal statement
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“Any non-trivial property of acceptable 
problems is undecidable”



“… property of acceptable problems…”
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RE

P

Property P: having a finite number of TRUE inputs

𝑔 𝑤 = ቊ
𝑇𝑅𝑈𝐸 𝑤 ≤ 8
𝐹𝐴𝐿𝑆𝐸 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

ℎ 𝑤 = ቊ
𝑇𝑅𝑈𝐸 𝑤 = 10101
𝐹𝐴𝐿𝑆𝐸 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

k 𝑤 = ቊ
𝑇𝑅𝑈𝐸 𝑤 𝑒𝑛𝑑𝑠 𝑖𝑛 0
𝐹𝐴𝐿𝑆𝐸 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒k

𝑔

ℎ



“… trivial property…”
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RE RE

𝑃 = ∅ 𝑃 = 𝑅𝐸



“… property […] is undecidable…”
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RE

P

hasP 𝑓 = ቊ
𝑇𝑅𝑈𝐸 𝑓 ∈ 𝑃
𝐹𝐴𝐿𝑆𝐸 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Property P: having a finite number of TRUE inputs

hasP 𝑔 = 𝑇𝑅𝑈𝐸

hasP ℎ = 𝑇𝑅𝑈𝐸

hasP 𝑘 = 𝐹𝐴𝐿𝑆𝐸

𝑔 𝑤 = ቊ
𝑇𝑅𝑈𝐸 𝑤 ≤ 8
𝐹𝐴𝐿𝑆𝐸 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

ℎ 𝑤 = ቊ
𝑇𝑅𝑈𝐸 𝑤 = 10101
𝐹𝐴𝐿𝑆𝐸 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

k 𝑤 = ቊ
𝑇𝑅𝑈𝐸 𝑤 𝑒𝑛𝑑𝑠 𝑖𝑛 0
𝐹𝐴𝐿𝑆𝐸 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒



“… property […] is undecidable…”
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RE

P

ℎ𝑎𝑠𝑃: Σ∗ → {𝐹𝐴𝐿𝑆𝐸, 𝑇𝑅𝑈𝐸}

ℎ𝑎𝑠𝑃 𝑒𝑛𝑐(𝐴𝑓) = ቊ
𝑇𝑅𝑈𝐸 𝑓 ∈ 𝑃
𝐹𝐴𝐿𝑆𝐸 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝐴𝑓 𝑖𝑠 𝑎 𝑇𝑢𝑟𝑖𝑛𝑔 𝑀𝑎𝑐ℎ𝑖𝑛𝑒 𝑡ℎ𝑎𝑡 𝑎𝑐𝑐𝑒𝑝𝑡𝑠 𝑓



Informal statement (2)
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“Given a Turing Machine 𝐴𝑓, we can’t decide 

whether the problem it accepts belongs to 
some subset of RE.”



Formal statement
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RE

P

hasP 𝑒𝑛𝑐(𝐴𝑓) = ቊ
𝑇𝑅𝑈𝐸 𝑓 ∈ 𝑃
𝐹𝐴𝐿𝑆𝐸 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(𝑃 ≠ ∅ ∧ 𝑃 ≠ 𝑅𝐸) ⇔ hasP ∉ 𝑅



Proof (HALT ≤𝑚 hasP)
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RE

P

(𝑓𝐹𝐴𝐿𝑆𝐸 𝑤 = 𝐹𝐴𝐿𝑆𝐸, ∀𝑤 ∈ Σ∗)

𝑃 ≠ ∅ ⇒ ∃𝑔 ∈ 𝑃
∃𝑀𝑔 𝑎𝑐𝑐𝑒𝑝𝑡𝑠 𝑔

𝑀′[𝑣]:

1. simulate M 𝑤

2. simulate Mg 𝑣

𝑔

𝑓𝐹𝐴𝐿𝑆𝐸



Proof (HALT ≤𝑚 hasP)
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RE
𝑀′[𝑣]:

1. simulate M 𝑤

2. simulate Mg 𝑣

𝑔

𝑓𝐹𝐴𝐿𝑆𝐸

P

𝑃 ≠ 𝑅𝐸 ⇒ ∃𝑔 ∈ ത𝑃
∃𝑀𝑔 𝑎𝑐𝑐𝑒𝑝𝑡𝑠 𝑔

(𝑓𝐹𝐴𝐿𝑆𝐸 𝑤 = 𝐹𝐴𝐿𝑆𝐸, ∀𝑤 ∈ Σ∗)


