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Transitions:

Space and time
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Time is more important than space

In order to occupy one more cell,

we need to make one more transition
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We can reuse cells by writing another symbol later

We cannot reuse transitions



Time as a function

𝑡𝑀: Σ
∗ → ℕ
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𝑡𝑖𝑠𝑃𝑎𝑙𝑖𝑛𝑑𝑟𝑜𝑚𝑒 𝜀 = 3

𝑡𝑖𝑠𝑃𝑎𝑙𝑖𝑛𝑑𝑟𝑜𝑚𝑒 0 = 6

𝑡𝑖𝑠𝑃𝑎𝑙𝑖𝑛𝑑𝑟𝑜𝑚𝑒 1 = 6

𝑡𝑖𝑠𝑃𝑎𝑙𝑖𝑛𝑑𝑟𝑜𝑚𝑒 00 = 9

𝑡𝑖𝑠𝑃𝑎𝑙𝑖𝑛𝑑𝑟𝑜𝑚𝑒 01 = 7

𝑡𝑖𝑠𝑃𝑎𝑙𝑖𝑛𝑑𝑟𝑜𝑚𝑒 10 = 7

…

𝑡𝑖𝑠𝑃𝑎𝑙𝑖𝑛𝑑𝑟𝑜𝑚𝑒 0000 = 15

𝑡𝑖𝑠𝑃𝑎𝑙𝑖𝑛𝑑𝑟𝑜𝑚𝑒 0001 = 11

…

𝑡𝑖𝑠𝑃𝑎𝑙𝑖𝑛𝑑𝑟𝑜𝑚𝑒 1010 = 11

𝑡𝑖𝑠𝑃𝑎𝑙𝑖𝑛𝑑𝑟𝑜𝑚𝑒 1011 = 12

…



Worst-case complexity
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Out of all Σ 𝑛 inputs of size 𝑛 focus on the one for which it takes 

the most transitions.

𝑇𝑀: ℕ → ℕ

𝑇𝑖𝑠𝑃𝑎𝑙𝑖𝑛𝑑𝑟𝑜𝑚𝑒 4 = 15 𝑇𝑖𝑠𝑃𝑎𝑙𝑖𝑛𝑑𝑟𝑜𝑚𝑒 𝑛 = 3𝑛 + 3

“𝑖𝑠𝑃𝑎𝑙𝑖𝑛𝑑𝑟𝑜𝑚𝑒 runs in time 𝑇𝑖𝑠𝑃𝑎𝑙𝑖𝑛𝑑𝑟𝑜𝑚𝑒(𝑛)”
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Moodle Quiz

Time function



Complexity of a problem

Idea 1: the time complexity of the fastest machine that solves it
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There is no fastest machine!

Idea 2: address linear speedup by abstracting away factors and constants



Asymptotic notations: 𝑔 𝑛 ∈ Θ(𝑓 𝑛 )
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𝒄𝟏𝒇 𝒏

𝒄𝟐𝒇 𝒏

𝒈 𝒏

𝒏𝟎

∃𝑐1, 𝑐2 ∈ ℝ+, ∃𝑛0 ∈ ℕ, ∀𝑛 ≥ 𝑛0

𝑐1𝑓 𝑛 ≤ 𝑔 𝑛 ≤ 𝑐2𝑓(𝑛)



Asymptotic notations: 𝑔 𝑛 ∈ O(𝑓 𝑛 )
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∃𝑐 ∈ ℝ+, ∃𝑛0 ∈ ℕ, ∀𝑛 ≥ 𝑛0

0 ≤ 𝑔 𝑛 ≤ 𝑐𝑓(𝑛)

𝒄𝒇 𝒏

𝒈 𝒏

𝒏𝟎



Asymptotic notations: 𝑔 𝑛 ∈ Ω(𝑓 𝑛 )
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𝒄𝟏𝒇 𝒏

𝒈 𝒏

𝒏𝟎

∃𝑐 ∈ ℝ+, ∃𝑛0 ∈ ℕ, ∀𝑛 ≥ 𝑛0

𝑐𝑓 𝑛 ≤ 𝑔 𝑛



Asymptotic notations: 𝑔 𝑛 ∈ o(𝑓 𝑛 )
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∀𝑐 ∈ ℝ+, ∃𝑛0 ∈ ℕ, ∀𝑛 ≥ 𝑛0

0 ≤ 𝑔 𝑛 ≤ 𝑐𝑓(𝑛)

𝒄𝟏𝒇 𝒏

𝒈 𝒏

𝒏𝟎𝟑

𝒄𝟐𝒇 𝒏

𝒄𝟑𝒇 𝒏

𝒏𝟎𝟏 𝒏𝟎𝟐



Asymptotic notations: 𝑔 𝑛 ∈ 𝜔(𝑓 𝑛 )
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𝒄𝟏𝒇 𝒏

𝒈 𝒏

𝒏𝟎𝟏

𝒄𝟐𝒇 𝒏

𝒄𝟑𝒇 𝒏

𝒏𝟎𝟑 𝒏𝟎𝟐

∀𝑐 ∈ ℝ+, ∃𝑛0 ∈ ℕ, ∀𝑛 ≥ 𝑛0

𝑐𝑓 𝑛 ≤ 𝑔 𝑛


