Hardness and
Completeness




"Hardness”

f<mg

g Is "harder” than f

If we can decide g, then we can decide f
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“Polynomial hardness”

f<prg

g I1s “polynomially harder” than f

If we can decide g in time T (n),

then we can decide f in time n" + T (n")



NP-Hardness: g € NPH £ Vf eNP,f <p g

(g € NPH
g€ENP
\

def

NP-Completeness: g € NPC = -
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The Cook-Levin Theorem

Stephen Cook (1939 -) Leonid Levin (1948 - )

Cook: https://commons.wikimedia.org/wiki/File:Prof.Cook.ipg Levin: https://commons.wikimedia.org/wiki/File:LeonidLevin2010.jpg



https://commons.wikimedia.org/wiki/File:Prof.Cook.jpg
https://commons.wikimedia.org/wiki/File:LeonidLevin2010.jpg
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Configuration strings

10q0111




Computation history strings

q110111#1g10111#11q0111#110g111#1101q11#11011q1#
110111qg O #11011p1#1101p10#110p100#11p0000#11H 1000
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ANXi1NN X111y

X114 N X110 N X1,01 N X110 N X119, N X1,1,95
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X118 N X110 N X101 N X110 N X119, N X115, N X108 N X1y

X45q, N Xa50/N X451 N Xga50N X118 N X11,g,- N X118 N X1y

#|gl1]1|0|1|0]|0|1|0]|1 #
#|0|q1|0|1|0]|0|1|0]|1 #
#|0 ¢:|0]|1|0|0|1]0|1 #
#|0 11@@1@1 #
#|0 1/0|g0|0]1]|0]|1 #
#|olo|1]|e|1|1]e|1|0|1]|1|0|gs/1]|0]|1 #
#|olo|1|e|1|1]e|1|le|1|1|0|Y|1]|0]|1 #
#|olo|1|e|1|1]e|1|le|1|1|0|Y|1]|0]|1 #
#|olo|1]|e|1|1]0|1|e|1|1|0|Y|1]|0]|1 #
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X14,15,0 V X14,151 V X1415,0 V X14,154 V X1415q, VY X14,15,q, V -V X1415N8 V X1415)y

A (x14,15,0 \% x14,15,1) A (x14,15,0 \% x14,15,m) A (x14,15,0 \% x14,15,#) A-N(X1z4150 VX1415Y7)

A (x14,15,Y \% x14,15,0) A (x14,15,Y \% x14,15,1) A (x14,15,Y \% x14,15,D) A-N(X1415y VX1415N)

A (x14,15,Y \% x14,15,0) A (x14,15,Y \% x14,15,1) A (x14,15,Y \% x14,15,u) A-N(X1415y VX1415N)

#|g1|1|l0|1]0e]0|1]|0]1 #
#|0|qgl1l0|1]0]0|1]|0]1 #
#|0 qg.|0|1|le|e|1]|0|1 #
#|0 1(q|1]|0|0]|1|0]|1 #
#|0 1/0|g0|0]1]|0]|1 #
]
#|lo|e|1|lof1|1]0|1]|0|1|1|0|qgl1]0]1 #
#|olo|1|e|1|1]e|1|le|1|1|0|Y|1]|0]|1 #
#|olo|1|e|1|1]e|1|le|1|1|0|Y|1]|0]|1 #
#|olo|1]|e|1|1]0|1|e|1|1|0|Y|1]|0]|1 #




L12. Hardness and Completeness

Analiza Algoritmilor - CB

Y
=
)
>
Al
'S
5]
E
<%
w
<
RN
VAl
=

sell

(

1<, j<[w]|¥

(ﬁ)cell

H | H(HF | H | H H|(H|H| &
™ | | |
olo|lo|l®
™ | | |
S| D | |
olo|leo|l®
oA || |

™| | | | ™ | | |

olo|lo|leo|e olo|lo|l®
™ | | | | ™ | | |
olo|lo|leo|e o|lo|lo|l®

oclo|lo|lo|e S I I

Al ]S R U N

oclo|lo| e olo|o|®

|| S| - S R

H| S|eo|eo|e olo|lo|®

Slo|lo|leo|e olo|lo|l®

| | & | #® H | | | #




Analiza Algoritmilor - CB

Qinit = T1,1,4 N\ T1,2,q, N\

A i-.]-'.lQ—'—i:-wi /\

1<i<|w]

L12. Hardness and Completeness

/\

w[+3<j<[wl*

‘ill?j'-‘lj

N LY wl|k #

‘#q111@10@1@1 #\
#|0|qgl1]|0|1|0]0]|1|0]|1 #
#|0 qg.|0|1|le|e|1]|0|1 #
#|0 1(q1|0|0]1]|0]|1 #
#|0 1/0|g0|0]1]|0]|1 #
#|olo|1]|e|1|1]e|1|0|1]|1|0|gs/1]|0]|1 #
#|olo|1|e|1|1]e|1|le|1|1|0|Y|1]|0]|1 #
#|olo|1|e|1|1]e|1|le|1|1|0|Y|1]|0]|1 #
#|olo|1]|e|1|1]0|1|e|1|1|0|Y|1]|0]|1 #
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(Iseven’, 100) pairs

0q, 1q, 1N 0q, 1q, q30 qs1 oY 1qs 1qs
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SAT € NPC
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SAT

(1)

L12. Hardness and Completeness

P P=NP

Msar

0(lol)

/N

FALSE

TRUE

11
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SS

(ge NPH NgeP) P =NP

M, <

/N

O(ltw)Y)

O(lwl’Y)

FALSE

TRUE
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13

ty(w)

Msar

0(lpl))

ty(w)

N\

/

_» FALSE

s TRUE
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13

My

t 0 ty(w)

Mtlotz

o(lwl’)

_~ FALSE

s TRUE
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P=NP S NP =~ NPC

f<pg

M [w]

1. run Df[w]

2. if D¢[w] > TRUE:

3. output wy; (s.t. g(wy) =TRUE)
4. else:

5 output wp (s.t. g(wg) = FALSE)

14
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P=NP S NP =~ NPC

f<pg
M [w]
1. run Df[w]
2. if D¢[w] > TRUE:
3. output wy; (s.t. g(wy) =TRUE)
4. else:
5 output wp (s.t. g(wg) = FALSE)

There must exist such wy and wg

14



Analiza Algoritmilor - CB L12. Hardness and Completeness

P=NP & NP = NPC \ {/rruE, [FaLsE}

f<pg
M [w]
1. run Df[w]
2. if D¢[w] > TRUE:
3. output wy; (s.t. g(wy) =TRUE)
4. else:
5 output wp (s.t. g(wg) = FALSE)

9 #* frrue V 9 # fraLse

14
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NP-Hard

NP-Complete

P=NP
= NP-Complete

. Complexity

P = NP

P = NP

Image source: https://en.wikipedia.org/wiki/P_versus NP_problem#/media/File:P_np np-complete np-hard.svg



https://en.wikipedia.org/wiki/P_versus_NP_problem#/media/File:P_np_np-complete_np-hard.svg
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MY HoBgY:
EMBEDING NP-(DMPLETE PROBLEMS IN RESTRURANT ORDERS

WED LIKE EXACTLY §15. 05
WORTH OF APPETIZERS, PLEASE..

l . EXACTLY?  UHA..

HERE, THESE PAPERS ON THE KNAPSACK.
PROBLEM MIGHT HELP YOU OUT.

\ LISTEN, I HAVE 5ix OTHER

TABLES TO GET T0 -
-ASF%TFBPOSS&E,G'M WANT
smsrm;on ?/

Source: https://xkcd.com/287/



https://xkcd.com/287/

