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“Hardness”
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𝑓 ≤𝑚 𝑔

𝑔 is “harder” than 𝑓

If we can decide 𝒈, then we can decide 𝒇



“Polynomial hardness”
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𝑓 ≤𝑃 𝑔

𝑔 is “polynomially harder” than 𝑓

If we can decide 𝒈 in time 𝑻(𝒏), 

then we can decide 𝒇 in time 𝒏𝒌 + 𝑻(𝒏𝒌)



NP-Hardness: 𝑔 ∈ 𝑵𝑷𝑯 ≝ ∀𝑓 ∈ 𝑵𝑷, 𝑓 ≤𝑃 𝑔
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NP-Completeness:   𝑔 ∈ 𝑵𝑷𝑪 ≝ ቊ
𝑔 ∈ 𝑵𝑷𝑯
𝑔 ∈ 𝑵𝑷



The Cook-Levin Theorem

“SAT is NP-Complete”
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Cook: https://commons.wikimedia.org/wiki/File:Prof.Cook.jpg Levin: https://commons.wikimedia.org/wiki/File:LeonidLevin2010.jpg

Stephen Cook (1939 - ) Leonid Levin (1948 - )

https://commons.wikimedia.org/wiki/File:Prof.Cook.jpg
https://commons.wikimedia.org/wiki/File:LeonidLevin2010.jpg


Configuration strings
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1 0 0 1 1 1

q

10q0111



Computation history strings
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𝑞110111#1𝑞10111#11𝑞0111#110𝑞111#1101𝑞11#11011𝑞1#

110111𝑞 ◻ #11011𝑝1#1101𝑝10#110𝑝100#11𝑝0000#11𝐻1000
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

𝑤 𝑘 × 𝑤 𝑘 tableau of 𝑁[110100101]

𝑤 𝑘

𝑤 𝑘
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

𝑥1,1,# ∧ 𝑥1,1,0 ∧ 𝑥1,1,1 ∧ 𝑥1,1,◻ ∧ 𝑥1,1,q1 ∧ 𝑥1,1,q2… ∧ 𝑥1,1,𝑁 ∧ 𝑥1,1,𝑌
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

𝑥1,1,# ∧ 𝑥1,1,0 ∧ 𝑥1,1,1 ∧ 𝑥1,1,◻ ∧ 𝑥1,1,q1 ∧ 𝑥1,1,q2… ∧ 𝑥1,1,𝑁 ∧ 𝑥1,1,𝑌

𝑥4,5,𝑞1 ∧ 𝑥4,5,0 ∧ 𝑥4,5,1 ∧ 𝑥4,5,◻ ∧ 𝑥1,1,# ∧ 𝑥1,1,q2… ∧ 𝑥1,1,𝑁 ∧ 𝑥1,1,𝑌
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

𝑥14,15,0 ∨ 𝑥14,15,1 ∨ 𝑥14,15,◻ ∨ 𝑥14,15,# ∨ 𝑥14,15,q1 ∨ 𝑥14,15,𝑞2 ∨ …∨ 𝑥14,15,𝑁 ∨ 𝑥14,15,𝑌

∧ 𝑥14,15,0 ∨ 𝑥14,15,1 ∧ 𝑥14,15,0 ∨ 𝑥14,15,◻ ∧ 𝑥14,15,0 ∨ 𝑥14,15,# ∧ ⋯∧ (𝑥14,15,0 ∨ 𝑥14,15,Y)

∧ 𝑥14,15,𝑌 ∨ 𝑥14,15,0 ∧ 𝑥14,15,𝑌 ∨ 𝑥14,15,1 ∧ 𝑥14,15,𝑌 ∨ 𝑥14,15,◻ ∧ ⋯∧ (𝑥14,15,𝑌 ∨ 𝑥14,15,N)

∧ 𝑥14,15,𝑌 ∨ 𝑥14,15,0 ∧ 𝑥14,15,𝑌 ∨ 𝑥14,15,1 ∧ 𝑥14,15,𝑌 ∨ 𝑥14,15,◻ ∧ ⋯∧ (𝑥14,15,𝑌 ∨ 𝑥14,15,N)
…
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #



(isEven’, 100) pairs
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0𝑞2

𝑞10

1𝑞2

𝑞11

0𝑌

𝑞30

1𝑞3

𝑞31

1𝑞3

𝑞3□

1𝑁

𝑞1□

0𝑞2

𝑞20

1𝑞2

𝑞21

𝑞30

0𝑞2□

𝑞31

1𝑞2□
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

Y?
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

Y?
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

Y?
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

Y?
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

Y?
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

Y?
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# 𝑞1 1 1 0 1 0 0 1 0 1 #

# 0 𝑞1 1 0 1 0 0 1 0 1 #

# 0 0 𝑞1 0 1 0 0 1 0 1 #

# 0 0 1 𝑞1 1 0 0 1 0 1 #

# 0 0 1 0 𝑞1 0 0 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑞3 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

# 0 0 1 0 1 1 0 1 0 1 1 0 𝑌 1 0 1 #

Y?

SAT ∈ 𝑵𝑷𝑪



SAT ∈ 𝑷 ⇔ 𝑷 = 𝑵𝑷
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𝑀𝑡 𝑀𝑆𝐴𝑇

𝑡(𝑤)
𝐹𝐴𝐿𝑆𝐸

𝑤

𝑀𝑓

𝑇𝑅𝑈𝐸

Θ( 𝜙 𝑖)Θ( 𝑤 𝑗)

Θ( 𝑤 𝑗𝑖)



(𝑔 ∈ 𝑵𝑷𝑯 ∧ 𝑔 ∈ 𝑷) ⇔ 𝑷 = 𝑵𝑷
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𝑀𝑡 𝑀𝑔

𝑡(𝑤)
𝐹𝐴𝐿𝑆𝐸

𝑤

𝑀𝑓

𝑇𝑅𝑈𝐸

Θ( 𝑡(𝑤) 𝑖)Θ( 𝑤 𝑗)

Θ( 𝑤 𝑗𝑖)



SAT≤𝑃 𝑔 ⇔ 𝑔 ∈ 𝑵𝑷𝑯

Analiza Algoritmilor - CB L12. Hardness and Completeness 13

𝑀𝑡 𝑀𝑔

𝑡1(𝑤)
𝐹𝐴𝐿𝑆𝐸

𝑀𝑓

𝑇𝑅𝑈𝐸

Θ( 𝜙 𝑗)

𝑀𝑆𝐴𝑇

𝑀𝑡2
𝑤 𝑡2(𝑤)

Θ( 𝑤 𝑖)



SAT≤𝑃 𝑔 ⇔ 𝑔 ∈ 𝑵𝑷𝑯
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𝑀𝑔

𝐹𝐴𝐿𝑆𝐸

𝑀𝑓

𝑇𝑅𝑈𝐸

Θ( 𝑤 𝑗𝑖)

𝑤 𝑀𝑡1∘𝑡2

𝑡1 ∘ 𝑡2(𝑤)



𝑷 = 𝑵𝑷 ⇔ 𝑵𝑷 ≃ 𝑵𝑷𝑪
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𝑷,𝑵𝑷

𝑀𝑡[𝑤]:

1. run 𝐷𝑓[𝑤]

2. if 𝐷𝑓 𝑤 → TRUE:

3. output 𝑤𝑇 (s.t. 𝑔 𝑤𝑇 = 𝑇𝑅𝑈𝐸) 

4. else:

5. output 𝑤𝐹 (s.t. 𝑔 𝑤𝐹 = 𝐹𝐴𝐿𝑆𝐸)

𝑓 𝑔 𝑓 ≤𝑃 𝑔



𝑷 = 𝑵𝑷 ⇔ 𝑵𝑷 ≃ 𝑵𝑷𝑪
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𝑷,𝑵𝑷

𝑀𝑡[𝑤]:

1. run 𝐷𝑓[𝑤]

2. if 𝐷𝑓 𝑤 → TRUE:

3. output 𝑤𝑇 (s.t. 𝑔 𝑤𝑇 = 𝑇𝑅𝑈𝐸) 

4. else:

5. output 𝑤𝐹 (s.t. 𝑔 𝑤𝐹 = 𝐹𝐴𝐿𝑆𝐸)

𝑓 𝑔 𝑓 ≤𝑃 𝑔

There must exist such 𝑤𝑇 and  𝑤𝐹



𝑷 = 𝑵𝑷 ⇔ 𝑵𝑷 = 𝑵𝑷𝑪
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𝑷,𝑵𝑷

𝑀𝑡[𝑤]:

1. run 𝐷𝑓[𝑤]

2. if 𝐷𝑓 𝑤 → TRUE:

3. output 𝑤𝑇 (s.t. 𝑔 𝑤𝑇 = 𝑇𝑅𝑈𝐸) 

4. else:

5. output 𝑤𝐹 (s.t. 𝑔 𝑤𝐹 = 𝐹𝐴𝐿𝑆𝐸)

𝑓 𝑔 𝑓 ≤𝑃 𝑔

𝑔 ≠ 𝑓𝑇𝑅𝑈𝐸 ∨ 𝑔 ≠ 𝑓𝐹𝐴𝐿𝑆𝐸

∖ {𝑓𝑇𝑅𝑈𝐸 , 𝑓𝐹𝐴𝐿𝑆𝐸}
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Image source: https://en.wikipedia.org/wiki/P_versus_NP_problem#/media/File:P_np_np-complete_np-hard.svg

https://en.wikipedia.org/wiki/P_versus_NP_problem#/media/File:P_np_np-complete_np-hard.svg
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Source: https://xkcd.com/287/

https://xkcd.com/287/

