PARADIGME DE
PROGRAMARE




Rationament ecuational — Cuprins

e Motivatie

- Compozitionalitate

« Proprietati ale functionalelor
» Optimizarea implementarilor

« Reduceri (folds)




Rationament ecuational

Programare functionala = calcul, nu executie
» Program = set de ecuatii matematice
- Transparenta referentiala
- Substitutia egalilor: Daca x =y, atunci y poate inlocui x in orice context
- Demonstratii de corectitudine: Demonstratii matematice prin substitutia egalilor
 Limbaj: Limbajul de programare (demonstratiile nu necesita notatii externe)

Rationament ecuational = [uEl sl ETE=C R eloTe [V] (TN o- K11 s -N-YIVE L { IR EYI G EYEldS) in scop de:
- Demonstrare a corectitudinii: inductie structurala

« Optimizare a implementarii: rescrieri care conduc la executie mai eficienta
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» Motivatie

« Compozitionalitate

« Proprietati ale functionalelor
» Optimizarea implementarilor

« Reduceri (folds)




Transformare compozitionala

Transformare T compozitionala

« Rezultatul aplicarii T asupra unei structuri complexe depinde doar de rezultatele aplicarii T
asupra substructurilor (nu de alte caracteristici ale substructurilor, nici de informatie externa)

- Liste: T(x:xs) = f(x, T(xs)) T se aplica doar pe xs, iar xs este inspectat doarde T
« Arbori binari: T(node(x,l,r)) = f(x, T(l), T(r))

Exemple
« Compozitionale: sum (x:xS) = X + Sum xS
size (Node x 1 r) =1 + size 1 + size r
- Necompozitionale: isSorted (x:y:xs) = x <= y && isSorted (y:xs)

1sBST (Node x 1 r) = x >= maxVal 1 && x <= minVal r
&& 1sBST 1 && 1sBST r




Compozitionalitate = predictibilitate

Compozitionalitatea ofera garantii de:
« Design: compozitionalitate = localitate
rezultat = f (parametrii curenti, rezultatul apelului recursiv)

- Verificare:  compozitionalitate = pas inductiv care curge natural
P(xs) contine toata informatia necesara pentru a demonstra P(x:xs)

e Calcul: compozitionalitate = rationament ecuational valid
Proprietatile folosite de rationamentul ecuational sunt valide (demonstrate)
doar pentru transformari compozitionale

In absenta compozitionalitatii, sabloanele de design / demonstratie / calcul sunt
,murdarite” de solutii particulare de a penetra cutia neagra care este substructura.

« Ex: isSorted: acceseaza primul element din xs pentru a-l compara cu x
isBST: acceseaza elementul maxim din |/ minim dinr
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Proprietatile functionalei map

1. map 1d = 1d
2. map (f . g) = map £ . map g

Demonstratie fuziune (prin inductie structurala)

-—- Caz de baza: xs = []
LHS: map (f . g) [] = []
RHS: (map £ . map g) = map £ [] []
—— Pas inductiv: xs = (x:xs')
LHS: map (f . g) (x:xs') =
(f . g) x : map (f . g) xs'
RHS: (map £ . map g) (x:xs') =
map £ (g x : map g xs') =
f (g x) : map £ (map g xs')
(f . g) x : (map £ . map qg)
(f . g) x : map (f . g) xs’

|dentitate

Fuziune

—-— LHS = RHS

—— 1poteza inductiva
—-— LHS = RHS




Proprietatile functionalei £ilter

1. filter (\x -> p x && q x) = filter g . filter p Fuziune
2. filter p . map £ = map £ . filter (p . f) Comutativitate cu map

Observatie: Aceste proprietati (si, in general, rationamentul ecuational) sunt valide doar
daca transformarile (f, g, p, g, etc.) sunt compozitionale.
» Limbaje pure (Haskell): orice functie unara f:: a -> b este automat compozitionala

 Limbaje impure (C++, Java, Python): o functie unara sintactic poate fi necompozitionala

- Ex: —f(x) incrementeaza o variabila globala counter si intoarce x + counter
— g(x) incrementeaza aceeasi variabila counter siintoarce x — counter
—Pentru counter = 0 (initial),sixs = [10, 20] fuziunea esueaza:
—map (f . g) XS (11, 21]
— (map £ . map g) Xxs [12, 22]




Proprietatile functionalei foldr

» Universalitate: Orice functie compozitionala pe liste se poate exprima prin foldr
- Identitate: id foldr
» Transformare: map foldr -> f x : acc) []

filter  foldr -> if p x then x : acc else acc) []
reverse foldr -> acc ++ [x]) []

- Reducere: sum foldr
product foldr
anyp foldr . p) False
allp foldr . p) True

 Generalizare: g = foldr f acc este echivalenta cu orice functie g definita prin:
g [] = acc
g (x:xs) = f x (g xs)




Proprietatile functionalei foldr

h . foldr £ a = foldr g b Fuziune

Conditii:
h a=>
h (f x vy) =

Observatie
« Conditia 2 este constructiva — ofera o reteta simpla, universalg, de a determina functia g,

eliminand nevoia de a face inductie structurala de fiecare data

- Conditia 2 nu este necesara — exista cazuri particulare cu alte functii g pentru care fuziunea functioneaza,
dar acestea raman cazuri particulare, nu proprietati generale utilizabile

in rationamentul ecuational




Utilizarea proprietatilor in demonstratii

Demonstratie (*2) . = sum . map (*2)
-- LHS

(*2) . sum = —-— definitie sum
(*2) . foldr (+) 0 = —— fuziune foldr: h =
foldr (\x acc -> x*2 + acc) O

—-— Calcule pentru fuziune
h a=>b

h (f xy) =g x (hy)




Utilizarea proprietatilor in demonstratii

Demonstratie (*2) . = sum . map (*2)
-- RHS

sum . map (*2) = -—- map ca foldr
sum . foldr (\x acc -> x*2 : acc) [] = -- fuziune: h = sum,
foldr (\x acc -> x*2 + acc) O —-— LHS = RHS

—-— Calcule pentru fuziune
h a=>b

h (f xy) =g x (hy)
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Demonstratie ca rescriere optimizata

Demonstratie (*2) . sum = sum . map (*2) = foldr ((+) . (*2)) O

Observatie: Rationamentul ecuational este si 0o metoda de optimizare a implementarilor!
- Demonstratia proprietatii a generat rescrierea optimizata a RHS

» RHS: map construieste o lista intermediara, sum consuma lista
 Evaluare aplicativa: timp O(n) + O(n), spatiu auxiliar O(n) pentru lista intermediara

« Evaluare lenesa: timp O(n)
spatiu auxiliar O(1) pentru lista intermediara
=> map construieste celule intermediare una cate una,
care se elibereaza imediat ce au fost consumate de sum
spatiu auxiliar O(n) pentru recursivitate pe stiva si insumare lenesa

- foldr: consuma lista initiala

« tot timp O(n) si spatiu auxiliar O(n), dar mai eficient:
o singura parcurgere, in care nu se creeaza nici liste, nici celule intermediare
=> mai putin garbage collection, O(n) cu constanta mai mica




RE => Recursivitate pe coada

« Acumulator
» Tehnica de conversie din recursivitatea pe stiva in recursivitate pe coada

« Liste: fStack xs => fTail xs acc

» Rol: stocheaza rezultatul partial al calculelor efectuate la avansul in recursivitate

« Conversia stiva-coada prin rationament ecuational
= dezvoltarea unei proprietati RE de forma JIENRCEIER S 14 @ Y e

- D este functia de combinare dintre:
 Procesarea restului listei
« Rezultatul partial stocat in acc

e eX: sumTall xs acc = sumStack xs + acc




Exemple

sumTail xs acc = sumStack xs + acc
prodTall xs acc =

lenTall xs acc

revTall xs acc

minTail xs acc

mapTail’” f xs acc =




Exemple

sumTail xs acc = sumStack xs + acc
prodTall xs acc = prodStack xs * acc
lenTall xs acc lenStack xs + acc
revTall xs acc revStack xs ++ acc
minTail xS acc minStack xs "min acc

mapTail’ f xs acc = reverse (mapStack f xs) ++




RE => Recursivitate pe coada

Proprietatea RE se valorifica prin pattern matching pe constructorii de date:

sumTail [] acc = proprietatea RE
sumStack [] + acc = axioma suml
acc

sumTail (x:xs) acc = proprietatea RE

sumStack (x:xs) + acc = axioma sum2

X + sumStack xs + acc = comutativitate + asociativitate adunare
sumStack xs + (x + acc) proprietatea RE

sumTail xs (x + acc)

Rezultat: implementarea prin recursivitate pe coada
sumTalil [] acc = acc
sumTail (x:xs) acc = sumTalil xs (x + acc)




RE => Recursivitate pe coada

Proprietatea RE se valorifica prin pattern matching pe constructorii de date:

mapTail’” £ [] acc = —-— proprietatea RE
reverse (mapStack f []) ++ acc = -- axioma mapl
reverse [] ++ acc —-— axioma reversel
[] ++ acc -— axioma ++1

acc

mapTail’ f (x:xs) acc = proprietatea RE
reverse (mapStack f (x:xs)) ++ acc = axioma map-2
reverse (f x : mapStack f xs) ++ acc = axioma reversez2
(reverse (mapStack f xs) ++ [f x]) ++ acc = asoclativitate ++
reverse (mapStack f xs) ++ ([f x] ++ acc) = axiome ++2, ++1
reverse (mapStack f xs) ++ (f x : acc) = proprietatea RE
mapTail’ £ xs (f x : acc)




RE = Tupling

Exemplu: mean xs = sum xs / length xs
* Problema: 2 parcurgeri xs

« Solutia: 0 singura parcurgere care intoarce perechea (suma, lungime)
» Proprietatea RE: sumLen xs = (sum xs, length xs)

Pattern matching pe constructorii de date:

sumLen [] = —-— proprietatea RE

(sum [], length []) = -— axiome suml, lengthl
(0, 0)

sumlLen (x:xs) = -— proprietatea RE

(sum x:xs, length x:xs) = —-— axlome sumZ, length?2
(x + sum xs, 1 + length xs) = —-— proprietatea RE

let (s, len) = sumlen xs in (x + s, 1 + len)




Recunoastere sablon

Exemplu: mean xs = sum xs / length xs

. Solu’gia RE: --sumlLen xs = (sum xs, length xs)
sumLen [] = (0, 0)
sumlLen (x:xs) = let (s, len) = sumlLen xXxs in (x + s, 1 + len)

 Observatii:

- sum, length, sumLen sunt transformari compozitionale pe liste si pot fi rescrise cu foldr:
sum = foldr (+) O
length = foldr (const (+1)) O
sumLen = foldr (\x (s, len) -> (x + s, 1 + len)) (0, 0)

Sablon: ~ Combinare a 2 reduceri (foldr) intr-una singura
Scop: Abstractizare sablon
Pasi: Recunoastere sablon -> Definire -> Reutilizare
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Reduceri si combinari de reducers

Tipuri de reduceri
e Reduceriliniare: foldr

- orice foldr este, in esenta, un foldr pe liste:
lista procesata este liniarizarea valorilor din container, intr-o ordine acceptata ca dreapta-stanga

- ex: transformari compozitionale pe liste, unele transformari compozitionale pe arbori binari (sum, size)
« Reduceriierarhice: 7

- reduceri care nu functioneaza pe continutul liniarizat, intrucat depind de structura datelor

- ex: indltimea unui arbore binar necesita sa comparam inaltimile celor doi subarbori

Tipuri de combinari
 Reduceri independente: ex: sum si length

» Reduceri semidependente:  ex: sum sisteep (steep: fiecare element > suma restului)
« Reduceri mutual dependente: ex: evenSum si oddSum (suma pozitiilor pare/impare)




Abstractizarea reducerilor liniare

data Folder a b ¢ = Folder
{ foldNull :: c —-— acc 1nitial (rezultatul pentru [])

, foldCons :: a -> b -> c —-— functia binara (care reduce liste nevide)

}
Explicatii
» Cele 2 campuri (acumulatorul initial, functia binara) diferentiaza un foldr de altul
- Traditional: foldr :: Foldable t => (a -> ¢ -> ¢c) -> ¢c -> t a -> c
foldCons foldNull
- Generalizarea foldCons :: a -> b -> c serveste combinarii reducerilor dependente

« In calculul propriului acumulator urmator, se tine cont de:
 Propriul acumulator anterior
« Acumulatorul anterior al celuilalt fold




Utilizare

fold :: Foldable t => Folder a b b > t a -> b
fold folder = foldr (foldCons folder) (foldNull folder)

Exemplu

sum :: (Foldable t, Num a) => t a -> a
sum = fold sumFolder

sumFolder :: Num a => Folder a a a
sumFolder = Folder

{ foldNull = 0O

, foldCons =

}




Combinare: Reduceriindependente

(<+>) :: Folder a b b
-> Folder a ¢ c
-> Folder a (b, c¢) (b, c¢)
f <+> g = Folder
{ foldNull = (foldNull f, foldNull g)

, foldCons = \a (b, c) -> (foldCons f a b, foldCons g a c)
}

Explicatie
- Tupling: <+> combina doua reduceri independente intr-una singura
« Utilizare: sumLen = fold (sumFolder <+> lenFolder)

« Modularitate prin reutilizarea sumFolder si lenFolder, in contrast cu asamblarea lor prin RE




Combinare: Reduceri semidependente

(>.>) :: Folder a b b
-> Folder a (b, ¢) c
-> Folder a (b, c) (
f >.> g = Folder
{ foldNull = (foldNull f, foldNull qg)
, foldCons = \a (b, c¢c) -> (foldCons f a b, foldCons g a (b, c))
}

C)

Explicatie
- Tupling: >.> combina doua reduceri semidependente, cu flux de informatie stanga-dreapta

« Utilizare: steep = snd . fold (sumFolder >.> steepFolder)




Combinare: Reduceri mutual dependente

-> Folder a (b, c¢)
-> Folder a (b, c¢)
f <.> g = Folder
{ foldNull = (foldNull f, foldNull qg)
, foldCons = \a (b, c¢c) -> (foldCons f a (b, c¢), foldCons g a (b, c))
}

(<.>) :: Folder a (b, c¢c) b
C
(

b, ¢)

Explicatie
- Tupling: <.> combina doua reduceri mutual dependente, cu flux bidirectional de informatie

« Utilizare: evenOddSums = fold (evenFolder <.> oddFolder)




Abstractizarea reducerilorierarhice — BST

data BSTFolder a b ¢ = BSTFolder
{ foldNil :: c —-— acc 1nitial (rezultatul pentru BSTNil)

, foldNod :: a -=> b -=> b -> ¢ —-— functia binara (reduce arboril nevizi)

}

Utilizare
foldRST :: Foldable t => BSTFolder a b b -> t a -> Db
foldBST folder = go

where
go BSTNil = foldNil folder
go (BSTNod elem left right) = foldNod folder elem (go left) (go right)




Combinare polimorfica

—-— Clasa Aggregatable
—-— Grupeaza operatorii de combinare pentru reduceri
class Agg t where
—-—-Combilnare i1ndependenta: fuzioneaza doua reduceril paralele
(<+>) :: Tt abb->tacc->1ta (b, ¢c) (b, ¢
Combinare semidependenta: a doua foloseste rezultatul primeia
.>) . tabb->ta (b, ¢) c->t a (b, ¢c) (b, c)
Combinare mutual dependenta: ambele au acces la rezultatul comun
.>) .t a (b, ¢) b >t a (b, ¢) ¢c->1t a (b, c) (b, c)

1.
2.
3.
4.
5.
6.
7.
8.
9.

Explicatie
« Polimorfism: atat reducerile liniare, cat si cele ierarhice se pot combina in cele 3 moduri

» Instantiere: implementari diferite pentru Folder si BSTFolder




Instantiere cu BSTFolder

instance Agg BSTFolder where
f <+> g = BSTFolder (foldNil f, foldNil g)
(\a (bl, cl) (b2, c2) ->

(foldNod £ a bl b2,
foldNod g a cl c2))

BSTFolder (foldNil £, foldNil qg)
(\a (bl, cl) (b2, c2) ->

(foldNod £ a bl b2,
foldNod g a (bl, cl) (b2, c2)))

BSTFolder (foldNil f, foldNil q)
(\a (bl, cl) (b2, c2) ->

(foldNod £ a (bl, cl) (b2, c2),
foldNod g a (bl, cl) (b2, c2)))
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