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Cursul 11: Logica cu predicate de ordinul |

e Harry is a horse.
e Ralph is a rabbit.

@ if all horses are faster than any dog and there is a greyhound

faster than any rabbit,

e Is Harry faster than Ralph?
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Cursul 11: Logica cu predicate de ordinul |

ﬂ Introducere
© sintaxa

@ Semantica

@ Forme normale

e Unificare si rezolutie
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Logica cu predicate de ordinul | PvP
First Order Predicate Logic (FOL sau FOPL) — Context

@ Extensie a logicii propozitionale, cu explicitarea:

@ obiectelor din universul problemei;
e relatiilor dintre acestea.

@ Logica propozitionala:
e p: “Andrei este prieten cu Bogdan.”
e @q: “Bogdan este prieten cu Andrei.”
e p&eg
— Opacitate in raport cu obiectele si relatiile referite.

e FOL:

e Generalizare: prieten(x,y): “x este prieten cu y”

e Vx.Vy.(prieten(x,y) < prieten(y, X))

— Aplicare pe cazuri particulare.

— Transparenta in raport cu obiectele si relatiile referite.

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
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Sintaxa
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Sintaxa PvP
Simboluri utilizate

°o + \ Constante — obiecte particulare din universul
discursului: ¢, d, andrei, bogdan, ...

@ +|Variabile — obiecte generice: x, y, ...

°o + ‘ Simboluri functionale — succesor, +, abs . ..

°o + ‘ Simboluri relationale (predicate) — relatii n-are
peste obiectele din universul discursului:
prieten = {(andrei,bogdan),(bogdan, andrei),.. .},
impar={1,3,...}, ...

® +|Conectori logici -, A, v, =, <
o +|Cuantificatori v, 3

Sintaxa
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Sintaxa PvP
Termeni

+ | Termeni (obiecte):
@ Constante;

@ Variabile;

@ Aplicatii de functii: f(t4,...,t;), unde f este un simbol
functional n-ar si ty,...,t, sunt termeni.

=N ‘ Exemple
e succesor(4): succesorul lui 4, si anume 5.

e +(2,x): aplicatia functiei de adunare asupra numerelor 2
si x, si, totodata, suma lor.
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Sintaxa PvP
Atomi

+ | Atomi (relatii): atomul p(ty,...,t), unde p este un
predicat n-ar si ty,...,t, sunt termeni.

(=) ‘ Exemple

@ impar(3)

@ varsta(ion,20)
@ =(+(2,3),5)

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
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Sintaxa PVP
Propozitii

+ ‘ Propozitii (fapte) — daca x variabila, A atom, si a si
propozitii, atunci o propozitie are forma:
@ Fals, Adevarat: L, T

@ Atomi: A
@ Negatii: —a
@ Conectori: anp, a= 8, ...

@ Cuantificari: vx.a, 3X.c
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Sintaxa PvP
Exemplu

“Sora loanei are un prieten destept”

Exemplu ‘@

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
11:11/32

Paradigme de Programare — Andrei Olaru



Sintaxa PVP
Exemplu

“Sora loanei are un prieten destept”

@ termen
2 iX.prieten( X ,sora(ioana)) A destept(X)
GE) termen termen atom/propozitie
|_|>j atom/propozitie
propozitie
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Semantica
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Semantica PVP
Interpretare

+ |Interpretarea consta din:
@ Un domeniu nevid, D, de concepte (obiecte)

@ Pentru fiecare constanta ¢, un element ¢/ e D

@ Pentru fiecare simbol functional, n-ar f, o functie
fl.D"— D

@ Pentru fiecare predicat n-ar p, o functie
p': D" — {false, true}.
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Semantica PvP
Elemente

@ Atom:
(P(ty,....ta)) =p(t],....th)

@ Negatie, conectori, implicatii: v. logica propozitionala

@ Cuantificare universala:
/ false dacia3ddeD.d!
(Vx.a)' =

true  altfel

(0/x = false

@ Cuantificare existentiala:
true daca3ddeD.al,, . =true
Ix.a) = [d/x]
(3x.a) { false altfel
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Semantica PvP
Cuantificatori

(=) ‘ Exemple cu cuantificatori
@ “Vrabia malai viseaza.”
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Semantica PvP
Cuantificatori

(=) ‘ Exemple cu cuantificatori

@ “Vrabia malai viseaza.”
vx.(vrabie(x) = viseaza(x, malai))
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Semantica PvP
Cuantificatori

(=) ‘ Exemple cu cuantificatori

@ “Vrabia malai viseaza.”
vx.(vrabie(x) = viseaza(x, malai))

@ “Unele vrabii viseaza malai.”
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Semantica PvP
Cuantificatori

(=) ‘ Exemple cu cuantificatori

@ “Vrabia malai viseaza.”
vx.(vrabie(x) = viseaza(x, malai))

@ “Unele vrabii viseaza malai”
Jx.(vrabie(x) A viseaza(x, malai))
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Semantica PvP
Cuantificatori

(=) ‘ Exemple cu cuantificatori

@ “Vrabia malai viseaza”
vx.(vrabie(x) = viseaza(x, malai))

@ “Unele vrabii viseaza malai”
Jx.(vrabie(x) A viseaza(x, malai))

© “Nu toate vrabiile viseaza malai”

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
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Semantica PvP
Cuantificatori

(=) ‘ Exemple cu cuantificatori

@ “Vrabia malai viseaza.”
vx.(vrabie(x) = viseaza(x, malai))

@ “Unele vrabii viseaza malai.”
Jx.(vrabie(x) A viseaza(x, malai))

© “Nu toate vrabiile viseaza malai.”
Jx.(vrabie(x) A —~viseaza(x, malai))
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Semantica PvP
Cuantificatori

(=) ‘ Exemple cu cuantificatori

@ “Vrabia malai viseaza.”
vx.(vrabie(x) = viseaza(x, malai))

@ “Unele vrabii viseaza malai.”
Jx.(vrabie(x) A viseaza(x, malai))

© “Nu toate vrabiile viseaza malai.”
Jx.(vrabie(x) A —~viseaza(x, malai))

@ “Nicio vrabie nu viseaza malai.”
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Semantica PvP
Cuantificatori

(=) ‘ Exemple cu cuantificatori

@ “Vrabia malai viseaza.”
vx.(vrabie(x) = viseaza(x, malai))

@ “Unele vrabii viseaza malai.”
Jx.(vrabie(x) A viseaza(x, malai))

© “Nu toate vrabiile viseaza malai.”
Jx.(vrabie(x) A —~viseaza(x, malai))

© “Nicio vrabie nu viseaza malai.”
VX.(vrabie(x) = —viseaza(x, malai))
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Semantica PvP
Cuantificatori

(=) ‘ Exemple cu cuantificatori

@ “Vrabia malai viseaza.”
vx.(vrabie(x) = viseaza(x, malai))

@ “Unele vrabii viseaza malai.”
Jx.(vrabie(x) A viseaza(x, malai))

© “Nu toate vrabiile viseaza malai.”
Jx.(vrabie(x) A —~viseaza(x, malai))

© “Nicio vrabie nu viseaza malai.”
VX.(vrabie(x) = —viseaza(x, malai))

© “Numai vrabiile viseaza malai.”
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Semantica PvP
Cuantificatori

(=) ‘ Exemple cu cuantificatori

@ “Vrabia malai viseaza.”
vx.(vrabie(x) = viseaza(x, malai))

@ “Unele vrabii viseaza malai.”
Jx.(vrabie(x) A viseaza(x, malai))

© “Nu toate vrabiile viseaza malai.”
Jx.(vrabie(x) A —~viseaza(x, malai))

© “Nicio vrabie nu viseaza malai.”
VX.(vrabie(x) = —viseaza(x, malai))

@ “Numai vrabiile viseaza malai.”
vx.(viseaza(x, malai) = vrabie(x))
Semantica
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Cuantificatori PvP
Greseli frecvente

@ Vx.(vrabie(x) = viseaza(x, malai))

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
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Cuantificatori PVP
Greseli frecvente

@ Vx.(vrabie(x) = viseaza(x, malai))
— corect: “Toate vrabiile viseaza malai.”

@ Vx.(vrabie(x) A viseaza(x, malar))

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
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Cuantificatori PVP
Greseli frecvente

@ Vx.(vrabie(x) = viseaza(x, malai))
— corect: “Toate vrabiile viseaza malai.”

@ Vx.(vrabie(x) A viseaza(x, malar))
— gresit: “Toti sunt vrabii si toti viseaza malai.”

@ Jx.(vrabie(x) A viseaza(x, malai))
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Cuantificatori PVP
Greseli frecvente

@ Vx.(vrabie(x) = viseaza(x, malai))
— corect: “Toate vrabiile viseaza malai.”

@ Vx.(vrabie(x) A viseaza(x, malar))
— gresit: “Toti sunt vrabii si toti viseaza malai.”

@ Jx.(vrabie(x) A viseaza(x, malar))
— corect: “Unele vrabii viseaza malai.”

@ Ix.(vrabie(x) = viseaza(x, malai))
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Cuantificatori PVP
Greseli frecvente

@ Vx.(vrabie(x) = viseaza(x, malai))
— corect: “Toate vrabiile viseaza malai.”

@ Vx.(vrabie(x) A viseaza(x, malar))
— gresit: “Toti sunt vrabii si toti viseaza malai.”

@ Jx.(vrabie(x) A viseaza(x, malar))
— corect: “Unele vrabii viseaza malai.”

@ Ix.(vrabie(x) = viseaza(x, malai))
— gresit: probabil nu are semnificatia pe care o
intentionam. Este adevarata si daca luam un x care nu
este vrabie (fals implica orice).

Semantica
................ 11:16/32
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Cuantificatori PvP
Proprietati

@ Necomutativitate:
e Vx.3Jy.viseaza(x,y) — “Toti viseaza la ceva anume.”

e Jx.Vy.viseaza(x,y) — “Exista cineva care viseaza la
orice.”

@ Dualitate:
o ~(VXx.a0) = IX.~«x

(4] —\(EIX.OC) =VX.—x

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
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Aspecte legate de propozitii PvP
Analoage logicii propozitionale

@ Satisfiabilitate.
@ Validitate.
@ Derivabilitate.

@ Inferenta.

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
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Forme normale
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Forme normale PvP
Definitii

+ | Literal — Atom sau negatia unui atom.
B |Exemplu  prieten(x,y), ~prieten(x, y).

+ \ Clauza - Multime de literali dintr-o expresie clauzala.
B |Exemplu {prieten(x, y),~doctor(x)}.

+ ‘ Forma normala conjunctiva —- FNC - Reprezentare
ca multime de clauze, cu semnificatie conjunctiva.

+ ‘ Forma normala implicativa — FNI — Reprezentare

ca multime de clauze cu clauzele in forma grupata

{=Aq,....,7Am,B1,....Bn}, & (AfA...ANAn)= (ByV...VBp)
Forme normale
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11:20/32



Forme normale PvP
Clauze Horn

r \ Clauza Horn - Clauza in care un singur literal este in
forma pozitiva:

{=A1,...,mAn, A},
corespunzatoare implicatiei
AN NA= A

=N ‘ Exemplu Transformarea propozitiei

vrabie(x) v ciocarlie(x) = pasare(x) in forma normale,
utilizédnd clauze Horn:

FNC: {~vrabie(x), pasare(x)},{—ciocarlie(x), pasare(x)}

Forme normale
11:21/32
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Conversia propozitiilor in FNC (1) PVP
Eliminare implicatii, impingere negatii, redenumiri

@ Eliminarea implicatiilor (=%)
@ impingerea negatiilor pana in fata literalilor (=)

© Redenumirea variabilelor cuantificate pentru obtinerea
unicitatii de nume (R):

VX.P(X)AVX.Q(X)VIX.r(x) — VYX.p(X)AVY.Q(y)V3z.r(z)

© Deplasarea cuantificatorilor la inceputul expresiei,
conservandu-le ordinea (forma normala prenex) (P):

VX.P(X)AYY.Q(y)V3z.r(z) — VxVy.3z.(p(x)Aq(y)Vr(2))

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
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Conversia propozitiilor in FNC (2) PVP
Skolemizare

@ Eliminarea cuantificatorilor existentiali (skolemizare) (S):

e Daca nu este precedat de cuantificatori universali:
inlocuirea aparitiilor variabilei cuantificate printr-o
constanta:

3x.p(x) = p(¢x)

e Daca este precedat de cuantificatori universali:
inlocuirea aparitiilor variabilei cuantificate prin aplicatia
unei functii unice asupra variabilelor anterior cuantificate
universal:

VXVy.3z.(p(xX)ANqQ(y)Vr(2))
= IXVY(P(X) A QY)V r(fz(X,)))

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
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Conversia propozitiilor in FNC (3) PVP
Cuantificatori universali, Distribuire v, Clauze

© Eliminarea cuantificatorilor universali, considerati, acum,
impliciti (%):

VXYY (P(X)AQY)V I(fz(X.Y))) = P(X)AQ(Y)V r(f(X,Y))
@ Distribuirea lui v fata de A (V/A):
V(BAY) = (aVB)A(aVy)

© Transformarea expresiilor in clauze (C).

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
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Conversia propozitiilor in FNC — Exemplu pvP

(=N ‘ Exemplu “Cine rezolva toate laboratoarele este apreciat
de cineva.”

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
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Conversia propozitiilor in FNC — Exemplu pvP

(=N \ Exemplu “Cine rezolva toate laboratoarele este apreciat
de cineva.”
vx.(Vy.(lab(y) = rezolva(x,y)) = 3y.apreciaza(y,x))

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
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Conversia propozitiilor in FNC — Exemplu pvP

(=N \ Exemplu “Cine rezolva toate laboratoarele este apreciat

de cineva.”

vx.(Vy.(lab(y) = rezolva(x,y)) = 3y.apreciaza(y,x))
(

vx.(-Vy.(—lab(y)V rezolva(x,y)) Vv 3y.apreciaza(y, x))
vx.(3y.—~(—lab(y) Vv rezolva(x,y)) Vv 3y.apreciaza(y, x))
vx.(3y.(lab(y) A —rezolva(x,y)) Vv 3y.apreciaza(y, x

vx.(3y.(lab(y) n—rezolva(x,y)) Vv 3z.apreciaza(z,x
vx.dy.3z.((lab(y) A —rezolva(x,y))V apreciaza(z,x

S 720 v s s IR A%

(lab(fy(x)) n—rezolva(x,f,(x))) Vv apreciaza(f;(x), x)
VA (lab(f,(x)) v apr(f,(x), X)) A (~rez(x,f,(x)) v apr(f(x),x))
C  {lab(f,(x)),apr(fz(x),x)},{~rez(x,f,(x)),apr(fz(x),x)}

Forme normale
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Unificare si rezolutie

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
11:26/32

Paradigme de Programare — Andrei Olaru



Unificare PvP

@ Utilizata pentru rezolutie
@ vezi si sinteza de tip in Haskell

2 ‘ cum stim daca folosind ipoteza om(Marcel) si propozitia
Yom(x) = are_inima(x) putem demonstra ca
are_inima(Marcel) — unificand om(Marcel) si Yvom(x).

@ requli:
e 0 propozitie unifica cu o propozitie de aceeasi forma
e doua predicate unifica daca au acelasi nume si
parametri care unifica (om cu om, x cu Marcel)
e 0 constanta unifica cu o constanta cu acelasi nume
e 0 variabila unifica cu un termen care nu contine
variabila (x cu Marcel)

Unificare si rezolutie
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Unificare PvP
Observatii

@ Problema NP-completa;
@ Posibile legari ciclice;

@ Exemplu:
prieten(x, mama(x)) si prieten(mama(y),y)
MGU: S = {x < mama(y),y < mama(x)}
= X + mama(mama(x)) — imposibil!

@ Solutie: verificarea aparitiei unei variabile in valoarea la
care a fost legata (occurrence check);

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
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Unificare PvP
Rolul in rezolutie

@ Rezolutia pentru clauze Horn:
AN ANAR=A
Bin...NAN...NBh=B
unificare(A,A') = S
Subst(S,A1A...NAmMAByA...ABp= B)

@ unificare(a, ) — substitutia sub care unifica propozitiile
o siB;

@ subst(S,a) — propozitia rezultata in urma aplicarii
substitutiei S asupra propozitiei a.

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
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Rezolutie PVP
Exemplu

Horses and hounds
@ Horses are faster than dogs.

@ There is a greyhound that is faster than any rabbit.

Exemplu ‘@

© Harry is a horse and Ralph is a rabbit.

© Is Harry faster than Ralph?

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
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Rezolutie PVP
Exemplu Horses and Hounds

@ vx.vy.horse(x)Adog(y) = faster(x,y)
— —horse(x) v -~dog(y)V faster(x,y)

@ 3x.greyhound(x) A (Yy.rabbit(y) = faster(x, y))
— greyhound(Greg) ; —rabbit(y)V faster(Greg,y)

© horse(Harry) ; rabbit(Ralph)

© -faster(Harry, Ralph) (concluzia negata)

@ -—greyhound(x)v dog(x) (common knowledge)

Q -faster(x,y)v —faster(y,z)V faster(x, z) (tranzitivitate)

@ 1+ 3a— —dog(y)V faster(Harry,y) (cu {Harry/x})

Q 2a + 5 — dog(Greg) (cu {Greg/x})

Q 7 + 8 — faster(Harry, Greg) (cu {Greg/y})

@ 2b + 3b — faster(Greg, Ralph) (cu {Ralph/y})

@ 6 + 9 + 10 — faster(Harry, Ralph) {Harry/x,Greg/y, Ralph/z}
@ 11+4-0qed.

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
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Sfarsitul cursului 11(a) PVP
Ce am invatat

@ sintaxa si semantica in LPOI

@ Forme normale, Unificare, Rezolutie in LPOI

Introducere Sintaxa Semantica Forme normale Unificare si rezolutie
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